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2lations in any factorization scheme do not satisfactorily
describe such distributions due to additional large loga-




). To obtain sta-
ble predictions, all-order summation of these extra loga-
rithmic terms is necessary.



















denotes the transverse momentum p
T
of the heavy
hadron in the 

p center-of-mass (c.m.) reference frame















are the momenta of the initial-state
proton, virtual photon, and heavy hadron, respectively.
Our denitions for the 

p c.m. frame and hadron
momenta are illustrated by Fig. 1. The resummation of
these logarithms is needed when the nal-state hadron
escapes in the current fragmentation region (i.e., close
the direction of the virtual photon in the 

p c.m.
frame, where the rate is the largest). In the current













) compensate for the smallness
of 
S
at each order of the perturbative expansion. If
hadronic masses are neglected, such logarithms can be
summed through all orders in the impact parameter
space resummation formalism [30, 31, 32, 33], which





hadroproduction [34, 35] and transverse
momentum distributions in the Drell-Yan process [36].
1
Here the impact parameter b is conjugate to q
T
. The
results of Refs. [30, 31, 32, 33] are immediately valid
for semi-inclusive DIS (SIDIS) production of light
hadrons (;K; :::) at Q of a few GeV or higher, and for












-resummation formalism must be extended
to include the dependence on the heavy-quark massM .
In this paper, we perform such extension in the Aivazis-
Collins-Olness-Tung (ACOT) massive VFN scheme [18]
with the optimized treatment of the threshold region [29].
We adopt a bottom-up approach to the development of
such mass-dependent resummation.
2
We start by sepa-
rately reviewing the massive VFN scheme in the inclu-
sive DIS and q
T
resummation in the massless SIDIS. We
then discuss a combination of these two frameworks in










). As a result, we obtain a unied descrip-
tion of fully dierential heavy-hadron distributions at all
Q
2
above the heavy quark threshold. It is well known
that the nite-order calculation does not satisfactorily
1
The similarity between the multiple parton radiation in semi-
inclusive DIS and the other two processes was known for a long
time; see, for instance, an early paper [37].
2
An alternative top-down approach will require the analysis of
leading regions in the high-energy limit and derivation of the evo-
lution equations that retain terms with positive powers of M=Q.
Such analysis could involve methods similar to those discussed
in Ref. [38].














Figure 1: The parity-conserving semi-inclusive production
e+ p! e+H+X of heavy hadrons in the 

p c.m. reference
frame. The resummation eects considered here are impor-
tant in the current fragmentation region 
H
! 0, i.e., when
the nal-state heavy quark h closely follows the direction of
its escape in the O(
0
S
) avor-excitation process 

+ h! h.
treat the current fragmentation region for any choice
of the factorization scheme. In contrast, the proposed
massive extension of the q
T
-resummation accurately de-






The present study is interesting for two phenomeno-
logical reasons. Firstly, the quality of the dierential
data will improve greatly within the next few years. By
2006, the upgraded collider HERA will accumulate an in-
tegrated luminosity of 1 fb
 1
[39], i.e., more than eight
times the nal integrated luminosity from its previous
runs. Studies of the heavy quarks in DIS are also en-
visioned at the proposed high-luminosity Electron Ion
Collider [40] and THERA [41]. Eventually these exper-










Secondly, the knowledge of the dierential distribu-
tions is essential for the accurate reconstruction of in-





). At HERA, 40-60% of the
charm production events occur outside the detector ac-
ceptance region, notably at small transverse momenta of






should be reconstructed with the help of some theoretical
model, which so far was the O(
2
S
) calculation in the FFN
scheme [15, 16, 42, 43, 44] incorporated in a massless par-
ton showering generator. As mentioned above, for inclu-
sive observables the FFN scheme works the best not far





where the VFN scheme is more appropriate. In more de-





) better than the









> 10 [20]. The transition to the VFN
scheme occurs faster at smaller x, where the c.m. energy
3of the 

p collision is much larger than M . For bottom













. The VFN calculation can also be
extended down to the mass threshold to uniformly de-




. Since the proposed re-
summation calculation is formulated in the VFN scheme,
it provides a better alternative to the nite-order calcu-
lation in the FFN scheme due to its correct treatment of
dierential distributions at all values of Q
2
.
As an example, we apply the developed method to the
leading-order avor-creation and avor-excitation pro-
cesses in the production of bottom mesons at HERA. We
nd that the resummed cross section for this process can
be described purely by means of perturbation theory due
to the large mass of the bottom quark. Our predictions
can be tested in the next few years once the integrated
luminosity at HERA approaches 1 fb
 1
: Essentially the
same method can be applied to charm production. In
that case, however, the resummed cross section is sensi-
tive to the nonperturbative large-b contributions due to
the smaller mass of the charm quarks, and the analysis
is more involved. Since the goal of this paper is to dis-
cuss the basic principles of the massive q
T
-resummation,
we leave the study of the charm production and other
phenomenological aspects for future publications.
The paper has the following structure. Section II re-
views the application of the ACOT factorization scheme
[18] and its simplied version [17, 25] to the description of
the inclusive DIS structure functions. Section III recaps
basic features of the b-space resummation formalism in
massless SIDIS. Section IV discusses modications in the
resummed cross section to incorporate the dependence on
the heavy-quark mass M . In Section V, we present a de-
tailed calculation of the mass-dependent resummed cross
sections in the leading-order avor-creation and avor-
excitation processes. Section VI presents numerical re-
sults for polar angle distributions in the production of
bottom quarks at HERA. Appendix A contains details on
the calculation of the O(
S
) mass-dependent part of the
resummed cross section. In Appendix B, we present ex-
plicit expressions for the O(
S
) nite-order contributions
from the photon-gluon channel. Finally, Appendix C dis-
cusses in detail the optimization of the ACOT scheme
when it is applied to the dierential distributions in the
vicinity of the threshold region.
II. OVERVIEW OF THE FACTORIZATION
SCHEME
A. Factorization in the presence of heavy quarks
In this Section, we discuss the application of
the Aivazis-Collins-Olness-Tung (ACOT) factorization
scheme [18] to inclusive DIS observables, for which this
scheme yields accurate predictions both at asymptoti-
cally high energies and near the heavy-quark threshold.
In the inclusive DIS, the factorization in the presence
of heavy avors is established by a factorization theo-
rem [17], which we review under a simplifyingassumption
that only one heavy avor h with the massM is present.
Let A denote the incident hadron. According to the theo-




) of h to a DIS structure
function F (x;Q
2
) (where F (x;Q
2























































Here the summation over the internal index a includes
both light partons (gluons G and light quarks), as well
as the heavy quark h. This representation is accurate up
to the non-factorizable terms that do not depend on M
and can be ignored when Q 
QCD
. The non-vanishing
term on the r.h.s. is written as a convolution integral













=Q; M=Q). The con-
volution is realized over the hadron light-cone momen-
tum fraction  carried by the parton a. The coecient
function depends on the avor-dependent scaling vari-
able 
a
discussed below. The parton distributions and





depends only on 
F






; :::;M ; and C
h=a
de-
pends only on 
F
; M; and Q. As a result of this sepa-










quark masses are included in the PDF's, where they are
summed through all orders using the DGLAP equation.
Note that in the massless approximation such logarithms
appear in the guise of collinear poles 1=
k
in the pro-










depending on the factorization
scheme in use.
In the reference frame where the momentum of the































2), the quark PDF can be de-

































































Here P exp f:::g is the path-ordered exponential of the
gluon eld A

(x) in the gauge   A = 0. The r.h.s.
4is averaged over the spin and color of A and summed
over the spin and color of q. A similar denition exists









is induced in the process of renormalization of
ultraviolet (UV) singularities that appear in the bilo-
cal operator on the r.h.s. of Eq. (2). In general, the
PDF is a nonperturbative object; however, it can be




, and the inci-
dent hadron A is replaced by a parton. This feature












=Q;M=Q) in parton-level DIS and
convolving it with the phenomenological parameteriza-







the inclusive DIS, it is convenient to choose 
F
 Q to










The factorized representation (1) is valid in all fac-
torization schemes. The specic factorization scheme is
determined by (a) the procedure for the renormalization
of the UV singularities; and (b) the prescription for keep-
ing or discarding terms with positive powers of M=Q in
the coecient function C
h=a
. The choice (a) determines




=M ) are resummed in the heavy-
avor PDF or not. With respect to each of two issues, the
choice can be done independently. For instance, the MS
factorization scheme uses the dimensional regularization
to handle the UV singularities, but does not uniquely de-
termine the choice (b). Hence, it is not necessary in this
scheme to always neglect M in the coecient function
and expose the heavy-quark mass singularities as poles
in the dimensional regularization.
The ACOT scheme belongs to the class of the vari-
able avor number (VFN) factorization schemes [46] that
change the renormalization prescription when 
F
crosses
a threshold value 
thr
. It is convenient to choose 
thr





=M ) vanish at that point. If 
F
< M , all graphs
with internal heavy-quark lines are renormalized by zero-
momentum subtraction. If 
F
> M , these graphs are
renormalized in the MS scheme. The masses of the light
quarks are neglected everywhere, and graphs with only
light parton lines are always renormalized in the MS
scheme.
The physical picture behind the ACOT prescription is
simple: the heavy quark is excluded as a constituent of
the hadron for suciently low energy (an N   1 avor
subscheme), but the heavy quark is included as a con-
stituent for suciently high energies (an N avor sub-
scheme). The renormalization by zero-momentum sub-
traction below the threshold leads to the explicit decou-
pling of the heavy-quark contributions from light parton
lines. As one consequence of the decoupling, all pertur-
bative components of the heavy-quark PDF vanish at

F
< M , so that a nonzero heavy-quark PDF may ap-
pear only through nonperturbative channels, such as the
intrinsic heavy quark mechanism [47]. Since the size
of such nonperturbative contributions remains uncertain,
they are not considered in this study. At 
F
> M , a
non-zero heavy-quark PDF f
h=A
is introduced, which is
evolved together with the rest of the PDFs with the help
of the mass-independent MS splitting kernels. The ini-




) is obtained by matching the
factorization subschemes at 
F








=M ) = 0: (3)





by a superposition of light-avor PDF's [20]. A simple
illustration of these issues is given in Appendix A.
The ACOT scheme possesses another important prop-
erty: the coecient function C
h=a
in this scheme has a
nite limit as Q ! 1, which coincides with the expres-
sion for the coecient function obtained in the massless
MS scheme with N active avors. This happens be-
cause the mass-dependent terms in C
h=a
contain only
positive powers of M=Q, while the quasi-collinear log-
arithms ln(
F












includes subprocesses of three classes:
 avor excitation, where the parton a is a heavy
quark;
 gluon avor creation, where a is a gluon;
 and light-quark avor creation, where a is a light
quark.
In contrast, in the FFN scheme [11, 12, 13, 14, 15, 16]
only the avor-creation processes are present. The
lowest-order diagrams for each class are shown in Fig. 2.
The subsequent parts of the paper consider the pro-
cesses shown in Figs. 2a and 2b. Note that we count the
order of diagrams according to the explicit power of 
S
in the coecient function, i.e., O(
0
S




in Fig. 2b, and O(
2
S
) in Fig. 2c. This counting does





Eq. (1) when the heavy-quark PDF is itself suppressed by

S




) avor-excitation contribution has roughly the




contribution. We return to this issue in the discussion
of numerical results in Section VI, where we interpret








(Fig. 2b) as a rst approximation at Q M .
B. Simplied ACOT Formalism
Of several available versions of the ACOT scheme,
our calculation utilizes its modication advocated by
Collins [17], which we identify as the Simplied ACOT
(S-ACOT) formalism [25]. It has the advantage of being
easy to state and of allowing relatively simple calcula-
tions. This simplicity could be crucial for implementing
5(a) (b) (c)
Figure 2: Basic subprocesses in the ACOT scheme: (a) avor
excitation 

+ h ! h at O(
0
S
); (b) gluon avor creation
(photon-gluon fusion) 







quark avor creation 

+ q ! (







). The thick and thin solid lines correspond to the
heavy quark h and light quarks q = u; d; s, respectively.
the massive VFN prescription at the next-to-leading or-
der in the global analysis of parton distributions.
In brief, this prescription is stated as follows.
Simplied ACOT (S-ACOT) prescription:
Set M to zero in the calculation of the coef-
cient functions C
h=a





























It is important to note that this prescription is not an
approximation; it correctly accounts for the full mass de-
pendence [17]. It also tremendously reduces the com-
plexity of avor-excitation structure functions, as they
are given by the light-quark result. In the specic case
considered here, the heavy quark mass in the S-ACOT
scheme should be retained only in the 

+ G ! h +

h
subprocess (Fig. 2b). Another important consequence
will be discussed in Section IV, where we show that the
S-ACOT scheme leads to a simpler generalization of the
q
T
-resummation to the mass-dependent case.
C. The scaling variable
Finally, we address the issue of the most appropriate
variables 
a
(a = G; u; d; s; :::) in the convolution inte-
gral (1). In a massless calculation, 
a
are just equal
to Bjorken x, since all momentum fractions  between
x and unity are allowed by energy conservation. This
simple relation does not hold in the massive case. For
instance, in the charged-current heavy quark production
W

+ q ! h; where h is present in the nal, but not
the initial, state, a simple kinematical argument leads
to the conclusion that the longitudinal variable in the
avor-excitation processes should be rescaled by a mass-










In the avor-excitation subprocesses of the neutral-
current heavy quark production (e.g., 

+ h! h), typi-
cally no rescaling correction was made. The presence of a
heavy quark in both the initial and nal states of the hard
scattering suggested that no kinematical shift was neces-
sary, i.e., 
h
= x. This assumption has been recently
questioned by a new analysis [29]. Specically, Tung et
al. note that the heavy quarks in the hadron come pre-
dominantly from gluons splitting into quark-antiquark
pairs. Hence the heavy quark h initiating the hard pro-
cess must be accompanied by the unobserved

h in the
beam remnant. When both h and

h are present, the
hadron's light-cone momentumfraction carried by the in-








which is larger than the minimal momentum fraction

min
= x allowed by the single-particle inclusive kine-
matics. The factor of 4M
2
arises from the threshold con-
dition for h and

h. This eect can be accounted for by





















in avor-excitation processes (Fig. 2a)
and 
a
= x in avor-creation processes (Figs. 2b and
2c) when calculating inclusive cross sections. However,
to correctly describe the dierential distributions of the
nal-state hadron, we have to generalize the above rule
for semi-inclusive observables. This generalization is dis-
cussed in Appendix C, where the proper scaling variable













III. MASSLESS TRANSVERSE MOMENTUM
RESUMMATION
We now turn to the dierential distributions of the
heavy-avor cross sections. Specically, we consider the







) + X: This reaction is il-
lustrated in Fig. 1 for the specic case when A is a pro-
ton. In much of the discussion, we will nd it convenient

















 q), as well
as the Lorentz invariant S
eA





the electron-level cross section into a sum over the func-
tions A

( ; ') of the lepton azimuthal angle ' and boost



























( ; '): (4)
This procedure is nothing else but the decomposition
over the virtual photon's helicities [52, 53, 54]; hence
it is completely analogous to the tensor decomposition
familiar from the inclusive DIS. As a result of this proce-
dure, the dependence on the kinematics of the nal-state
lepton is factorized into the functions A

( ; '); while
the hadronic dynamics aects only the functions V

. In









( ; ') =  2;
A
3
( ; ') =   cos' sinh 2 ;
A
4
( ; ') = cos 2' sinh
2
 : (5)
In Section II we found that the ACOT prescrip-





the inclusive observables, this procedure provides ac-
curate predictions throughout the full range of x and
Q
2
. More dierential observables may contain additional
large logarithms in the high-energy limit. In particu-














); 0  m  2n   1, which appear
when the polar angle 
H
of the heavy hadron H in the


A c.m. frame becomes small (cf. Fig. 1). Here we
chose the z-axis to be directed along the momentum q of

















































The resummation of these logarithms of soft and
collinear origin can be realized in the formalism by
Collins, Soper, and Sterman (CSS) [34, 35, 36, 55]. The
result can be expressed as a factorization theorem, which


































































In this equation, b is the impact parameter (conjugate
to q
T
















are constant factors given in Eq. (B2).
As before, fm
q







; :::;M: At large Q
2
, the b-space inte-












(b;Q; x; z) can be factorized in a combination








































































































Here bx  x=
a
; bz  z=
b
. The indices a; b in Eq. (9) are
summed over all quark avors and gluons; the summation
over j in Eq. (10) is over the quarks only. The fractional





. The parton distri-
butions and fragmentation functions are separated from





at the factorization scale

F




) is an all-order







). It is given by an inte-

























) appearing in the solution of equa-















































tions to contributions from the incoming and outgoing





(b;Q; x; z) should be





, where the perturba-




(b;Q; x; z) to the large-b region is realized with the
help of some phenomenological model, as discussed, e.g.,
in Refs. [36, 56, 57].
As noted above, the resummed cross section in Eq. (8),
which we shall label as 
e
W













, the standard nite-order
(FO) perturbative result, 
FO





represent the correct limiting behavior, we can-
not simply add these two terms to obtain the total cross
section, 
TOT
, as we would be double-counting the con-
tributions common to both terms.






. This overlapping contribu-
tion (the asymptotic piece 
ASY
) is obtained by expand-
ing the b-space integral in 
e
W
out to the nite order of

FO



























) are large, 
FO
cancels well with 
ASY
, so that the total cross section is













, where the logarithms are no longer domi-

































: (a) away from the threshold (Q  M);
(b) near the threshold (Q M). In each plot the thick curves correspond to the "active" cross section (TOT, FO, W or ASY),
and the thin curves correspond to the other three cross sections.
the total cross section is equal to 
FO















is illustrated in Fig. 3a.
As we will be referring to these dierent terms fre-
quently throughout the rest of the paper, let us present






resummed term as given by
the CSS formalism in Eq. (8); sometimes called
the CSS term [58]. This expression contains








), which is presented as a Fourier-Bessel
transform of the b-space form factor
f
W (b;Q; x; z):








is the nite-order (FO) term; sometimes called
the perturbative term. It contains the complete
perturbative expression computed to the relevant
order of the calculation n. As such, this term con-








to m = 2n  1. It also contains terms that are not











. Hence, it provides a good approxi-














out to the same order n as in 
FO
.








) only out to m = 2n 1. It is precisely






terms in Eq. (12).
 
TOT
is the total (TOT) resummed cross section;


















precisely cancels the large





























. Hence, when calculated to a




serves as a good
approximation at all q
T
.
In a practical calculation in low orders of PQCD, one













. This improvement can
be achieved by introducing a kinematical correction in
these terms that accounts for the reduction of the al-
lowed phase space for the longitudinal variables x and z
at non-zero q
T
. The purpose of this kinematical correc-
tion is quite similar to the purpose of the inclusive scaling
variable discussed in Subsection II C: it removes contri-






non-negligible as compared to

FO
. Note that the resummed cross sections with and
without the kinematical correction are formally equiva-
lent to one another up to higher-order corrections. Fur-
8ther discussion of this issue can be found in Appendix C,




IV. EXTENSION OF THE CSS FORMALISM TO
HEAVY-QUARK PRODUCTION
In the previous Section, we presented a procedure for















g: We now are ready to discuss its ex-
tension to the case when the heavy-quark mass is not
negligible. For simplicity, we again assume that only








. The generalization for several heavy
avors can be realized through the conventional sequence
of factorization subschemes, in which the heavy quarks
become active partons at energy scales above their mass,
and are treated as non-partonic particles at energy scales
below their mass.
We start by rewriting Eq. (9) in a form analogous to
Eq. (4.3) of Ref. [36], where the form factor
f
W was given








































































































contributions associated with the incoming hadronic jet.






























) describes contributions asso-
ciated with the outgoing hadronic jet [35]. It is










g). The functions A and B are the same
as in Eq. (11), except that now they retain the depen-









Eq. (9) presents a special case of Eq. (13). It is valid
at short distances, i.e., when 1=b is much larger than any
of the quark masses m
q
. In contrast, Eq. (13) is valid
at all b [36]. As shown in Ref. [45], the transition from























































































































is well-dened both for non-zero quark masses and in
the massless limit. Hence, it does not contain negative
powers of the quark masses or logarithms ln (m
q
=Q), with
the exception of the collinear logarithms resummed in the
parton distributions and fragmentation functions.
We will now argue that the factorization rule similar
to Eq. (14) should also apply in heavy-avor production
when M
2





















g [45] closely resembles the factoriza-






g [59, 60, 61, 62, 63]. In both cases the fac-
torization occurs because the dominant contributions to
the cross section come from ladder cut diagrams with
subgraphs containing lines of drastically dierent virtu-
alities. More precisely, the leading regions in such di-
agrams can be decomposed into hard subgraphs, which
contain highly o-shell parton lines; and quasi-collinear
subgraphs, which contain lines with much lower virtual-
























, additional soft gluon
subgraphs are present, but they eventually do not aect
the proof of the factorization [45]. The hard subgraphs
contribute to the inclusive coecient function C
h=a
in







The quasi-collinear subgraphs, which are connected to
the hard subgraphs through one on-shell parton on each
side of the momentum cut, contribute to the PDF's (in
the inclusive DIS and SIDIS) or FF's (in SIDIS).












; while the PDF's and









The factorization scale 
F
is of order Q in the inclu-
sive DIS structure functions and b
0







. As discussed in Section II, the fac-
torization in the inclusive DIS can be extended to the








. Given the close analogy between


















































































































The main dierence between Eqs. (14) and (15) is con-






, which now explic-
itly depend on M: These functions can be calculated
according to their denitions given in Ref. [34]. The
unrenormalized expressions for the C-functions contain
ultraviolet singularities. To cancel these singularities,
we introduce counterterms according to the procedure
described in Section II: that is, graphs with internal





=b > M and by zero-momentum subtraction if
b
0
=b < M . This choice leads to the explicit decoupling






particular, the decoupling implies that contributions to
Eq. (15) with j; a; or b equal to h are power-suppressed
at b > b
0
=M:
We now consider other sources of the dependence onM
in d=d: Firstly, according to Eq. (13), there is a depen-











). Due to the decoupling, the






=M , except for perhaps terms of truly nonpertur-
bative nature, like the intrinsic heavy quark component
[47]. As mentioned above, in this paper such nonpertur-
bative component is ignored. Secondly, there may also
be mass-dependent terms in the nite-order cross sec-
tion, which are not associated with the leading contri-
butions resummed in the
f
W -term: those are the terms
that contribute to the remainder in Eq. (8). The terms
of both types are correctly included in d
TOT
=d. In-



















=d) cancel with one another, leaving the
third contribution uncancelled in d
TOT
=d. The terms
of the second type are contained only in d
FO
=d, so
that they are automatically included in d
TOT
=d.
The treatment of the massive terms simplies more
if we adapt the S-ACOT factorization scheme, in which
the heavy quark mass is set to zero in the hard parts
of the avor-excitation subprocesses. As a result, M
is neglected in the avor-excitation contributions to the
hard cross section 
FO





W -term. The mass-dependent terms are
further omitted in the perturbative Sudakov factor S. At





, and C-functions for gluon-initiated subprocesses.
As we will demonstrate in the next section, in this
prescription the cross section 
TOT
resums the soft and
collinear logarithms, when these logarithms are large,
and reduces to the nite-order cross section, when these
logarithms are small. In particular, at Q M the nite-
order avor-creation terms approximate well the heavy-
quark cross section. Hence we expect that 
TOT
repro-
duces the nite-order avor-creation part at Q  M
(Fig. 3b). For this to happen, the avor-excitation
cross section should cancel well with the subtraction
/ ln(
F




should cancel well with 
ASY
.We nd that these can-
cellations indeed occur in the numerical calculation, so
that at Q M 
TOT






massless resummed cross section when QM (Fig. 3a).
It also smoothly interpolates between the two regions of
Q.
To summarize our method, the total resummed cross


















i.e., using the same combination of the
f
W -term, nite-
order cross section, and asymptotic cross section as in the
massless case. All three terms on the r.h.s. of Eq. (16)















































































































































































As in the factorization of inclusive DIS structure func-
tions (cf. Section II), we nd it useful to replace Bjorken





































. The purpose of these scaling variables
is to enforce the correct threshold behavior of terms with
incoming heavy quarks. Eqs. (20) and (21) are derived
in detail in Appendix C.
V. MASSIVE RESUMMATION FOR
PHOTON-GLUON FUSION
We now analyze contributions to the total resummed
cross section d
TOT










) (Fig. 2a) and
O(
S











) (Fig. 2b). Since we work in the S-ACOT
scheme, only the O(
S
) fusion subprocess retains the
heavy quark mass, so that we concentrate on that pro-
cess rst. The expression for the 

h contribution, which
is the same as in the massless case, is given in Eq. (B1).
In the following we outline the main results, while details
are relegated to Appendices.
A. Mass-Generalized Kinematical Variables
Our approach will be to rst generalize the kinematical
variables from the massless resummation formalism to
recycle as much of the results from Refs. [31, 32, 51] as
possible.
Throughout the derivation, the mass of the incident
hadron will be neglected: p
2
A
= 0. We will use the stan-
dard DIS variables x; Q
2




















Since we will be interested in the transverse momentum
distributions (or equivalently, the angular distributions),
we next dene the transverse momentum in a frame-




momentum must be orthogonal to both of the hadrons,









In the massless case, q

t
is simply dened by subtracting















































































The kinematical variables at the parton level can be in-
troduced in an analogous manner. Let 
a
denote the frac-
tion of the large ' ' component of the incoming hadron's
momentum p
A













denote the fraction of the large
'+' component of the nal-state parton's momentum p
b









We also assume that 
b
relates the transverse momenta










: Since all incoming par-
tons are massless in the S-ACOT factorization scheme,
we nd the following relations between the hadron-level
variables x; z; q
T















We remind the reader that the analysis is performed in the 

A





















where in the derivation of Eq. (27) we used the rst equal-
ity in Eq. (40).




















then the form of eq
2
T
in terms of the Lorentz invariants is












We also generalize the usual Mandelstam variables
fbs;
b























































t; and bu, we shall be able to cast
many of the massive relations in the form of the mass-
less ones. For example, the expressions for the mass-






g in terms of






























. These relationships have the same
form as their massless counterparts. As a result, the
denominators of the mass-dependent propagators, which







same form as the denominators of the massless propaga-
tors, which are formed from the invariants bs;
b
t; and bu.











It is useful to convert between the nal-state energy
E
H
, polar angle 
H

























, one easily nds the follow-
ing constraints on E
H































Current region Target region























= 0:999 (lower curve),  = 0:5 (middle curve), and
 = 0:001 (upper curve).
and






















































 z  1: (41)
Note that the rst equality in Eq. (40) identies q
T
as
the the transverse momentum of H rescaled by the nal-
state fragmentation variable z. Hence q
T
can be also
interpreted as the leading-order transverse momentum





be interpreted as the rescaled transverse massM
T
of the
heavy quark. It also follows from Eqs. (39,40) that the
two-variable distribution with respect to the variables z
and q
T




















As a result, the distributions in the theoretical variables
z and q
T




measured in the experiment.
Despite the simplicity of the relation (42), z and q
T





vidually. This feature is dierent from the massless case,





for the xed 





















This relationship does not hold in the massive case, in
which one value of q
T
corresponds to two values of cos 
H
.







































   1: (45)



































When the energy E
H
is much larger than M
H
( ! 0)
the solution with the + sign in Eq. (46) turns into the
massless solution (43). The solution with the   sign
reduces to cos 
H
=  1:









for various values of  (Fig. 4). Let us
identify the current fragmentation region as that where
cos 
H
is close to +1 (
H
= 0), and the target fragmenta-
tion region as that where cos 
H





= 0 if cos 
H
= 1 or cos 
H
=  1. Secondly,
near the threshold (! 1) the ratio q
T
=W is vanishingly














































into a singularity. This singularity resides at the point
z = 0 and corresponds to hard diractive hadroproduc-
tion. The analysis of this region requires diractive par-
ton distribution functions [64, 65, 66, 67, 68] and will not




, one recovers a one-
to-one correspondence between q
T
=W and cos 
H
of the





, which becomes especially simple
in the massless limit. In the following, we concentrate on
the limit q
T
! 0 and z 6= 0, which corresponds to the
current fragmentation region 
H
! 0.
C. Factorized cross sections
Next, we consider the factorization of the hadronic
cross section. Given the hadron-level phase space ele-













db'; all three terms on the r.h.s. of













































































 . The explicit expression for this cross sec-
tion at the lepton level can be found in Appendix B. We
are interested in extracting the leading contribution in
this cross section in the limit Q ! 1 with other scales
xed. Specically, we concentrate on the behavior of the





























































this expression takes the same form as its massless
version. In the limit Q!1, and bx; bz; and eq
T
xed, the

























































Æ (1  bx) Æ(1  bz): (51)
This asymptotic expression for the Æ-function is exactly








Furthermore, in the above limit the matrix element
jMj
2



































































When M is not negligible, these contributions are nite
and comparable with other terms. However, in the limit
when both M and q
T
are much less than Q, the terms of
the rst type diverge as 1=q
2
T
. The terms of the second
type vanish at q
T
6= 0 and yield a nite contribution at
q
T
= 0. These non-vanishing contributions are precisely
the ones that are resummed in the
f
W -term; in the total
resummed cross section 
TOT
, they have to be subtracted
in the form of the asymptotic cross section 
ASY
to avoid






To precisely identify these terms, we calculate them





G subprocess is nite in the soft limit, it





b; bM ) and









b; bM ) = T
R


















































< M . Here P
(1)
h=G















(bM ); and c
1
(bM ) denote the parts of the
modied Bessel functions K
0
(bM ) and bM K
1
(bM ) that
vanish when b  1=M . They are dened in Eqs. (A18)
and (A19), respectively.






















). We nd that this combination











and is dierentiable with
respect to ln(
F
=M ) at the point 
F
= M . As a result,
the form factor
f







) avor-creation channels is








. The physical consequence is that, for
a suciently heavy quark, the b-space integral can be
performed over the large-b region without introducing an
additional suppression of the integrand by nonperturba-
tive contributions. We use this feature in Section VI,
where we calculate the resummed cross section for bot-
tom quark production, which does not depend on the
nonperturbative Sudakov factor.







= and calculating the Fourier-Bessel transform in-




















































, which is a regular function at
all q
T










 precisely cancels the asymptotic terms that






In this Section, we apply the resummation formalism
to the production of bottom quarks at HERA. The calcu-
lation is done for the electron-proton c.m. energy of 300
GeV and bottom quark mass M = 4:5 GeV. For simplic-
ity we assume that the masses of the B-hadrons coincide
with the mass of the bottom quark M . We also neglect
the mixing of photons with Z
0
-bosons at large Q.
In the following, we discuss polar angle distributions
in the 

p frame for x = 0:05 and various values of Q.
The cross section is calculated in the lowest-order ap-
proximation as discussed in Section V.
4
The calculation
was realized using the CTEQ5HQ PDF's [69] and Pe-
terson fragmentation functions [70] with " = 0:0033 [8].





=d were calculated at the factoriza-
tion scale 
F
= Q. The scale-related constants in the
f
















































b; bM ). In addition, it included the pertur-
bative Sudakov factor (11), unless stated otherwise. The
Sudakov factor was evaluated at order O(
S
), which was
sucient for this calculation given the order of other

























According to the discussion in Section V, our calcu-
lation ignores unknown nonperturbative contributions in
4
The generalization of our approach to higher orders is straight-






) avor-creation channels, which
should appear together to ensure the smoothness of the form
factor
e



















GeV2 x = 0.05, Q =5 GeV

















GeV2 x = 0.05, Q =15 GeV
(a) (b)













GeV2 x = 0.05, Q =50 GeV













GeV2 x = 0.05, Q =50 GeV
(c) (d)
Figure 5: The angular distributions of the bottom hadrons in the 

p c.m. frame at (a) Q = 5 GeV, (b) Q = 15 GeV, (c)
Q = 50 GeV without the Sudakov factor, and (d) Q = 50 GeV with the Sudakov factor. At Q = 50 GeV, an additional cut
E
H
> 0:1(W=2) is made to suppress contributions at z < 0:1, i.e., from the region where the conventional factorization may be
inapplicable. The plots show the nite-order cross section 
FO
(long-dashed line), the b-space integral 
eW
(dot-dashed line),
the asymptotic piece 
ASY





W -term. In the numerical calculation, we also need





=b < 1 GeV. Due to the strong suppression of
the large-b region by the M -dependent terms in the C-
functions (cf. the discussion after Eq. (A12)), the exact
procedure for the continuation of the PDF's to small 
F
has a small numerical eect. We found it convenient to
freeze the scale 
F
at a value of about 1 GeV by in-






















(b;Q; x; z) to large val-
ues of b may be used as well. Due to the small sensitivity








all these continuation procedures should yield essentially
identical predictions.
Fig. 5 demonstrates how various terms in Eq. (16)
are balanced in an actual numerical calculation. Near







) should be well approximated by the
O(
S





that this is indeed the case, since the
f
W -term, which does
not contain large logarithms, cancels well with its pertur-
bative expansion d
ASY
=d. As a result, the full cross
section is practically indistinguishable from the nite-
order term.
At higher values of Q; we start seeing deviations from
the nite-order result. Fig. 5b shows the dierential




















































due to the higher-order logarithms.







) is substantially larger than the










































GeV2 x = 0.05, Q =15 GeV
(a)














GeV2 x = 0.05, Q =50 GeV
(b)
Figure 6: Comparison of the massive and massless cross sec-
tions at (a) Q = 15 GeV, and (b) Q = 50 GeV. The plots
show the massive resummed cross section 
TOT
(thick solid
line); the massless resummed cross section 
TOT
(thin solid
line); the massive nite-order cross section 
FO
(thick dashed

















) are not sin-
gular at 
H
! 0 due to the regularizing eect of the







. Figs. 5c and 5d also compare the distribu-




factor, respectively. Note that at the threshold the avor-
excitation terms responsible for S are of a higher order
as compared to the O(
0
S




avor-creation terms. Correspondingly, near the thresh-
old the impact of S is expected to be minimal. This
expectation is supported by the numerical calculation, in
which the dierence between the curves with and with-
out the O(
S
) perturbative Sudakov factor is negligi-
ble at Q = 5 GeV, and is less than a few percent and
Q = 15 GeV. In contrast, at Q = 50 GeV the distribution
with the O(
S
) Sudakov factor is noticeably lower and
broader than the distribution without it: at some val-
ues of 
H
, the dierence in cross sections reaches 40%.
The inuence of the Sudakov factor on the integrated
rate is mild: the inclusive cross section d=(dxdQ
2
) cal-
culated without and with the O(
S
) Sudakov factor is
equal to 330 and 320 fb/GeV
2
, respectively. Due to
the enhancement at small 
H
, these resummed inclu-





)  260 fb/GeV
2
by about 25%.
It is interesting to compare our calculation with the
massless approximation for the 

G contribution. Fig. 6
shows the nite-order and resummed cross sections cal-
culated in the massive and massless approaches. In con-
trast to the massive 
TOT
, the massless 
TOT
must in-
clude the nonperturbative Sudakov factor S
NP
, which is
not known a priori and is usually found by tting to the














, so that, in








W (b;Q; x; z) is suppressed. Since the heavy-
quark mass has other eects on the shape of
f
W (b;Q; x; z)
besides the cuto in the b-space, we expect the shape of
the massless and massive resummed curves be somewhat
dierent. This feature is indeed supported by Fig. 6b,
where at small 
H
both resummed curves are of the same
order of magnitude, but dier in detail. Furthermore, the
shape of the massless 
TOT
can be varied by adjusting
S
NP
. At the same time, the massive resummed cross
section is uniquely determined by our calculation.
At suciently large 
H
, both the massless and mas-
sive resummed cross sections reduce to their correspond-
ing nite-order counterparts. The massless cross sec-
tion signicantly overestimates the massive result near
the threshold and at intermediate values of Q. For in-
stance, at Q = 15 GeV (Fig. 6a) the massless cross sec-
tion is several times larger than the massive cross section
in the whole range of 
H
: In contrast, at Q = 50 GeV
(Fig. 6b) the massless 
FO


















: The massive 
TOT




























can be qualitatively understood from





















one tenth of Q
2
. Given that the Peterson fragmentation
function peaks at about z  0:95, and that Q = 50 GeV,










; which is close to the observed critical angle
of 10
Æ








other hand, when q
2
T

































, which is approximately where the
mass-dependent cross section turns down.
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VII. CONCLUSION AND OUTLOOK
In this paper, we presented a method to describe po-
lar angle distributions in heavy quark production in deep
inelastic scattering. This method is realized in the sim-
plied ACOT factorization scheme [17, 25] and uses the
impact parameter space (b-space) formalism [34, 35, 36]
to resum transverse momentum logarithms in the cur-
rent fragmentation region. We discussed general fea-
tures of this formalism and performed an explicit cal-








in bottom quark production. According to the numeri-
cal results in Section VI, the multiple parton radiation










10). At Q = 50 GeV,
the multiple parton radiation increases the inclusive cross
section by about 25% as compared to the nite-order
avor-creation cross section.
Many aspects of the resummation in the presence of the
heavy quarks are similar to those in the massless resum-
mation. In particular, it is possible to organize the calcu-
lation in the massive case in a close analogy to the mass-
less case by properly redening the Lorentz invariants (in
particular, by replacing the Lorentz-invariant transverse
momentum q
T












). The total resummed




and the nite-order cross section 
FO
, from which
we subtract the asymptotic piece 
ASY
. Constructed
in this way, the resummed cross section reduces to the
nite-order cross section at Q  M and reproduces the
massless resummed cross section at QM .
At the same time, there are important dierences be-
tween the light- and heavy-hadron cases. For instance,
the light hadron production is sensitive to the coher-
ent QCD radiation with a wavelength of order 1=
QCD
,
which is poorly known and has to be modeled by the
phenomenological nonperturbative Sudakov factor. In
contrast, in the heavy-hadron case such long-distance ra-
diation is suppressed by the large value ofM . Hence, for
a suciently heavy M , as in bottom quark production,
the resummed cross section can be calculated without in-
troducing the nonperturbative large-b contributions. It
will be interesting to test the hypothesis about the ab-
sence of such long-distance contributions experimentally.
Given the size of the dierential cross sections obtained
in Section VI, accurate tests of this approach will be fea-
sible once the integrated luminosity of the HERA II run
approaches 1 fb
 1
. The same calculation can be done






is not as suppressed, and the nonperturba-
tive Sudakov factor has to be included.
Another important improvement in our calculation is
more accurate treatment of threshold eects in fully dif-
ferential cross sections. The accuracy in the threshold
region is improved by introducing scaling variables (20)
and (21) in nite-order and resummed dierential cross
sections. These scaling variables generalize the scaling
variable proposed in Ref. [29] for inclusive structure func-
tions. They lead to stable theoretical predictions at all
values of Q and agreement with the massless result at
high energies.
The extension of our calculation to higher orders is fea-
sible in the near future, since many of its ingredients are
already available in the literature [32, 43, 71]. Further-
more, in a forthcoming paper we will study the additional
eects of threshold resummation [72, 73, 74, 75, 76, 77]
in DIS heavy-quark production, so that both transverse
momentum and threshold logarithms are taken into ac-
count. We conclude that the combined resummation of










) is an important
ingredient of the theoretical framework that aims at
matching the growing precision of the world heavy-avor
data.
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Appendix A: CALCULATION OF THE
MASS-DEPENDENT C-FUNCTION
In this Appendix, we derive the O(
S











W -term that explicitly depends on
the heavy-quark mass M . This function appears in the


























































To perform this calculation, we consider a more ele-
mentary form of Eq. (A1), which represents the leading
regions in Feynman graphs in the limit Q ! 1. This
elementary form can be found in Ref. [35], where it was

































































denotes the hard vertex, which contains highly
o-shell subgraphs.
e















consists of subgraphs corresponding to the propaga-










































































































! 1. This denition
is given in a gauge   A = 0 with 
2
< 0. The k
T
-







































































































































































































































The denitions of the functions 
K
; K , and G can be
found in Ref. [34].
We now have all necessary ingredients for the calcula-







b; bM ). Setting
j = h and A = G; and expanding Eqs. (A1,A2,A5), and


























=M ) ; (A7)
where the superscript in parentheses denotes the order
of 
S
=. In the derivation of this equation, we used the
































(x) = Æ(x  1): (A10)
The r.h.s. of Eq. (A7) can be calculated with












) in Eqs. (2) and (A3,A4), respectively.
A further simplication can be achieved by observing
that at O(
S










can be safely taken before the limit 
A
! 1, and, fur-
thermore, for 
2








does not depend on 
A
. Correspondingly, both objects
can be derived in the lightlike gauge from a single cut
diagram shown in Fig. 7, where the double line corre-

































































=M ) resides in the ex-
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(x; b;M ). Re-














=M ) contains a UV singularity, which is regu-
larized by an appropriate counterterm. In the ACOT
scheme, the UV singularity is regularized in the MS
scheme if 
F
 M , and by zero-momentum subtrac-
tion if 
F























































(x; b;M ), it does not depend on 
F
and, there-


















(bM ) and K
1
(bM ) are the modied Bessel func-









(bM ) = 0; (A13)
K
0
(bM )!  ln (bM=b
0
) as bM ! 0; (A14)
bM K
1
(bM )! 1 as bM ! 0: (A15)


























































































In these equations, c
0
(bM ) and c
1
(bM ) are the parts of
K
0
(bM ) and bM K
1




(bM )  K
0







(bM )  bMK
1
(bM )  1: (A19)
If 
F
is chosen to be of order b
0






b; bM ) at b ! 0. At large Q, the

































The above manipulations can be interpreted in the


















=M );which is then included and resummed




=M ). The convolu-

























At large b (b > b
0
=M ), the heavy-quark PDF f
h=G
is
identically equal to zero. To preserve the relationship
(A21) below the threshold, one should include the above





b; bM ), as











b; bM ) at 
F
< M en-
forces the smoothness of the form-factor
f
W (b;Q; x; z) in
the threshold region, which, in its turn, is needed to avoid




Appendix B: THE FINITE-ORDER CROSS
SECTION





 that appears in the factorized hadronic cross
section (47). For the O(
0
S
) subprocess e + h ! e + h,
this cross section is the same as in the massless case:























)Æ(1   bx)Æ(1  bz); (B1)


























The contribution of the gluon-photon fusion channel is
19
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( ; '); (B3)
where A

( ; ') denote orthonormal functions of the lep-
tonic azimuthal angle ' and boost parameter  given in
























































































































































Appendix C: KINEMATICAL CORRECTION
In this Appendix, we derive the kinematical corrections
(20) and (21) that are introduced in the avor-excitation
contributions to 
FO






us rst consider the O(
S
) cross section for the photon-
gluon fusion, which we write as
























































































( ; '): (C2)























































































(1  bx) =bx. We see that the mass-











), which can be used to integrate
out the dependence on 
b
in Eq. (C1).











correspond to the heavy
quarks produced in the current and target fragmentation






























































































will not contribute) unless z is identically zero. How-
ever, according to Eq. (39) and the last paragraph in
Subsection B of Section V, at z = 0 the observed







A c.m. frame), i.e., away from
20
the region of our primary interest (small and intermedi-
ate 
H
). Hence, in the limit 
H
! 0 all dominant loga-
rithmic contributions as well as their all-order sums (the
avor-excitation cross section and
f
W -term) arise only











) in the current fragmentation
region are suppressed.
The integration over 
b
with the help of Eq. (C3) leads
to the following expression for the cross section (C1):





























































































are determined by demanding the argument of the

















































































. We see that, according to the exact kinemat-
ics of heavy avor production, the heavy quark pairs are
produced only when the light-cone momentum fraction

a































Turning now to the avor-excitation contributions 

+
h! h+X, we nd that in those the integration over 
a
a priori covers the whole range x  
a
 1: Indeed, in
those contributions the heavy antiquark in the remnants
of the incident hadron is ignored, so that the reaction
can go at a lower c.m. energy
c
W than it is allowed by the
exact kinematics. Since the PDF's grow rapidly at small
x, the naively calculated total cross section 
TOT
tends to
contain large contributions from the unphysical region of
small x and disagree with the data. To x this problem,
we use Eq. (C10) to derive the following scaling variable














This variable takes into account the fact that the incom-
ing heavy quark in the avor-excitation process appears






process, and that the transverse momentum zq
T
of this
quark in the nite-order cross section is identically zero.
















), which correspond to the incom-
ing heavy quarks with a non-zero transverse momentum.
According to Eq. (C10), the available phase space in
the longitudinal direction is a decreasing function of the
transverse momentum zq
T
, and it is desirable to imple-








. In our calcula-


























which immediately follows from Eq. (C10).
Despite the apparent complexity of the scaling vari-
ables (C11) and (C12), they satisfy the following impor-
tant properties:
1. They are straightforwardly derived from the ex-
act kinematical constraints on the variable 
a
in
Eqs. (C9) and (C10).
2. They remove contributions from unphysical values
of x at all values of Q and q
T
, thus leading to better
agreement with the data.









duces to x (cf. Eq. (C11)), so that the standard
factorization for the massless nite-order cross sec-
tions is reproduced.


















reduces to x (cf. Eq. (C12)),
so that the exact resummed cross section is repro-
duced.
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to an inclusive DIS function F (x;Q
2














































































can be easily found from Eqs. (C9) and (C10), given
that q
T
 0, 0  z  1, and z(1   z)  1=4 in the









it makes sense to implement a similar constraint in the
avor-excitation contributions by introducing the scal-
ing variable 
h




): This variable is pre-
cisely the one that appears in the recent version of the
ACOT scheme with the optimized treatment of the in-
clusive structure functions in the threshold region [29].
Our scaling variables extend the idea of Ref. [29] to the
semi-inclusive and resummed cross sections.
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